Chapter 7 Additional Readings

Solving the Black-Scholes Differential Equation

The following is the Black-Scholes differential equation:

3—‘;= rV—rSZ—Z—%aZSZ g%,

where V denotes the value of the portfolio that replicates the derivative such as a call. In order to
solve for V = V(S,t), one also needs to be given a boundary value. This means that the value of
the derivative must be known at some fixed time T; that is, V(S,T) is a given function of Sand T.
With this information, one can solve for the value V(S,t) at any time t. Here are the ideas of the
proof in a nutshell. One changes variables from V, S, and t to the new variables u,y, and t in two
separate procedures so that the Black-Scholes Differential Equation simplifies to the differential

equation:

ou 0%u
ot dy?

This equation is the classical heat equation, whose solution is well-known. One then changes
back to the original variables to obtain the solution. This solution will be in integral form. We
will then solve for the special case of a European call. In this case, it will turn out that the
integral solution will be able to be expressed in terms of the cumulative normal density function.
Now for the details. We start the solution process by first changing variables to replace t, S and
V with 1, y, and v:

V(S t)

v(y($),7(®) = =5

; V(S t) = Xv <ln (%),%UZ(T — t)).

The following derivatives follow from the first two left-hand equations above:
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Next, we use the Chain Rule to rewrite the Black-Scholes equation in terms of v and its
partial derivatives with respect to y and t:

vV d(Xv) dy 0d(Xv) Ot vl 0 X 0v
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Now, we will substitute these equations into the Black-Scholes differential equation:
2
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Simplify and divide both sides by %aZX:

However, our equation still includes terms involving v and ov/dy , and we still need to employ an
additional changes of variables in order to obtain the desired classic heat equation . We will
again employ a change of variables, writing v as a function of u:

v(y, 1) = e®*Bry(y, 1),

where o and P are constants to be chosen shortly. We differentiate as follows:

av ou
2 ay+p, ay+Br_” "
= +

ar Be ure or

a_v — aeW"'BTu + eay+ﬁra_u

dy dy

2 2

a_v = azeay'FﬁTu + Zaeay'i'ﬁfa_u + eay+ﬁra_u
dy? dy dy?

We will substitute these three derivatives and the expression for v into our already
transformed Black-Scholes equation:
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ﬁeay"'ﬁfu + eary+ﬁra_u

ot
= iZﬂrfe“}”r/“u + (Z—Z - 1) (ae“y”g’u + e“y+ﬁ’a—u> + aZe*hry
o o dy
2
+ Zaeay‘l'ﬁz-a_u_'_ eool'l'ﬁra_u
dy?

Divide by e®*57 to obtain:

ou _ —2r 2r _ ou 2 ou  9%u
,Bu+ar— azu+((IZ 1)(ocu+ay)+au+2aay+ay2,

Combine like terms to obtain our second revision of the Black-Scholes differential equation:

ou —2r+(2r 1) e ] N 2r 42 6u+62u
ar | o2 a2 atat—plu (02 “)ay dy?

Observe that if we choose

1 r

277

then the coefficient for the term ou/dy will equal zero, and if we furthermore choose

2r 2r
= (——1)a—a2= ——————

o2 o2

then the coefficient for the term u will equal zero. With these choices for the constants a and J,
we obtain our first main objective:

ou 0%u
ot dy?

Next, we solve this classic heat equation. Recall that we also need to be given the initial
boundary condition. So, we need to know how to transform the boundary condition V(S,T) to the

function u in terms of y and the proper choice of 1. Since 7 = %02 (T —t), thenwhent=T,1=
0. Since (5, T) = Xv (ln (%) ,0) = Xv(y,0), v(y,0) = €”u(y,0), and S = X/, then

V(Xe¥,T)

u,0) =——2
The solution of the heat equation u(y,z) in terms of the boundary condition u(y,0) is

(r—x)?

(1) u(y,7) = \/%mffooou(x, 0)e™ +r dx.
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To prove that this solution is correct, we find

( 0)e" y—x)zd 1 x,0) 0 [1 _(yzx)z]d
u(x,0)e x|=— | u(x,0)—[—=e 4t J|dx
BT \/  \ar J 0t 1
(y —x)% _—x)?
\/_ J.u(x 0)[ 2 3/2+ 47572 le™ 4t dx
1 (v —x)% _-0?
= o | MO =S
and
92y ‘ 92 -x? 1 7 d (y-x)?

1
= u(x,0)=—=le 4t |dx =
0y? +Jamt ) ( )ayz[ ] 2T\/47rr_oo

u(x,0) @ [(y —x)e 4t ]dx

-1 J‘ 01 (y— x)z] _(3/;96)2 4 ou
= u(x, —-———]e T odx =—
2tV4mT . 27 ot
as we wished to show. We also must show that the solution approaches u(y,0) in the limit as
1—0. So, we need to show that*

2

)
u(x, O)e 4T dx =u(y,0).

-0 \/_

Make the change of variables z = % so that x = y + zy/27, and dx = dzV/21. The left

hand limit above becomes

22
1 27,0)e 2 dz.
Tl_r)%\/_ju(y+2\/l' e z
1 x2
! The function —— e "4 is an example of what is known as an approximate identity, and the integral is an

VA4TT
example of what is called the convolution of the approximate identity with the function u(x,0). It is a well-

known theorem in mathematics that in the limit as t approaches 0, the convolution above approaches
u(y,0). However, we will prove this result for our special case.
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We will assume that the boundary condition grows no faster than an exponential of the form
Ae®? where A and B are positive constants. This is a reasonable assumption since no real-life
security will grow faster than such a rate. Thus, the entire function inside the integral gets small
very rapidly once |z| gets large. So, most of the contribution to the value of the integral occurs in
the range of integration from —N to N with N a large positive number. We can closely
approximate the limit above by

ZZ
lTl_r)ré\/—_ fu(y+Z\/2_T)e 2 dz.

The quantity y + zv/2t will vary from y — Nv/27 to y + N+/27 as s ranges over the limits
of integration from —N to N. As z—0 and eventually gets much smaller than 1/N?, the quantity
y + zv/2t will be approximately equal to y as z ranges over the limits of integration from —N to
N. Thus, u(y + zv21) ~ u(y) over this range of integration as long as u is a continuous
function. This means that

z2

N N

1j<+v2)‘§d 1]()‘% D= [eZa
e — u Z T)e S " —— u e Z=U e Z\.
\/Zn_N y VZn_N Y Y V21

But, the integral

1 f _z? i f q
— | e 2 e 2 z=1,
V2m i V
since N is very large and the right-hand integral is the total area under the standard normal curve.
The approximations above get better and better as N—oo and t—0. We conclude that

2

)
u(x O)e v dx =u(y,0),

-0 w/
as we wished to show.

Our result allows us to find the value of any derivative that is based on an underlying
security Sthat follows a Brownian motion process with drift. One only needs to substitute the
specific boundary conditions for the derivative, to obtain its value at any time t. As an
illustration, we will price a European call option. For a call option, it is customary to denote its
value at time t in terms of the price of the stock S by c(S,t) rather than V(S,t). Suppose that X is
its exercise price, and T is its expiration date. If S >X at expiration time T, then the call option
will be worth S-X, since the option holder can buy the stock for X and sell it for S. If S < X at
time T, then the option holder should not exercise the option, making the value of the option
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simply equal to 0. This shows that the boundary condition for the call option at time T is ¢(S,T) =
MAX(S-X,0). In order to value the price of the option at any other time t, it turns out that it is
easier to first solve the problem for u as a function of y and t. Afterwards, one can convert the

solution to c as a function of S and t. We will need to find the boundary condition for the
c(Xe¥,T)

function u. Since u(y, 0) = = —=

as we showed earlier, then

MAX(Xe” — X, 0)
Xe®

u(y,0) = = MAX(e1=%Y — ¢~ (),
Substituting this initial condition into our integral solution (1), we obtain:

1 1-a)x —ax —M
u(y,r)z\/ﬁ fmax(e —e ,O)e T dx.

Observe that e **-e™ > ( means e“(e*-1) > 0, or e*-1 > 0, or e* > I, or x > 0, So, the
solution becomes:

u(y,7) = ! f[e(l‘“)x — e‘“"]e—(y;:)z dx.
Vant .

The next few steps of the derivation involve some algebraic manipulation and a couple
changes of variables in order to express the integral above in terms of the cumulative distribution
function for the standard normal curve. Using completion of the square and some algebraic
manipulations, we can write:

(1—a)x—%= —%T[x— +20—-a)D]*+ (1 —a)y+ (1 —a)?t
and
—ax—%z —%T[x— (y — 2a1)]? — ay + a’1.

So, the solution now becomes:

o)

e(l—a)y+(1—a)zrf e—%T[x—(y+2(1—01)r)]2 dx

u(y,7) =
Y 4T
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1

In the first integral, make the change of variables, z = [x —(y+2(1 — a)71)]. Inthe

V2t
second integral, make the change of variables, z = \/% [x — (y — 2at)]. This gives:
— p(-@y+(-a)y’r L (@ 7% g — e-aytatt _L [ -7
ulpm) =e mf—%mz(l—a)r)e ©dz—e \/ﬁf—%(y—zme © dz

Recall that the cumulative distribution function for the standard normal curve is

1.

e 22 dz=—— | e 2% dz,

y
1
N(y)sz—n_[o Nor:

where the second equality follows because of the symmetry of the standard normal curve. Thus,
the solution can be expressed as:

1 1
— ,(1—)y+(1-a)?t (_ _ ) _ p-ay+a’t <_ _ )
uly,t) =e N +2(1—a)T e N 2art] ).
1) o [y ( )7] o [y ]

We are now ready to obtain the solution for price of the option ¢(S,t). Since c(S,t) =
Xv(y,7) = Xe® Pu(y,7), S = Xe¥, and y = In(S/X), then

¢ = Selpr@-o?ry (\/% [ln (;) +2(1 - a)T)D — Xe(Bta®)ry (\/% [ln (f—() + 20:1')]).

Since a =%—%and,8 = - _ I _1itiseasy to check that p+ (1-)> =0 and § + a? =

ot 0% 4

— % Using these results and the fact that t = éaz(T — t) results in

_ ln(§)+(r+%oz)(T—t) —r(T—1) ln(;)+(r—%az)(T—t)
@) c(S,t) = SN( o — Xe N T .

Using the customary notation:

In (‘i(—o) +(r+ %O’Z)T
oVT

In (%) + (r - %O’Z)T

d, = o~ ,

we can finally express the solution at time t = 0 in the form

d1=

Cop = SoN(dl) — Xe_rTN(dz).
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More on the Self-Financing Replicating Portfolio and the Black-Scholes Derivation

Recall in the text that we were required to construct a self-financing replicating portfolio in order
to obtain arbitrage-free pricing of the call. The portfolio consisted of taking the positions vy of
the stock and vy of the riskless bond at time t. The value of the portfolio at time t was then V; =
Yst St + ybt Br. The two conditions to be a self-financing replicating portfolio are:

I. th = ]/S,tdSt + Vb,tdBt
1. cr = VsrSt + Vp,rBr-
Using It6’s Lemma and the choosing ys; = Z—Z, we saw that condition | reduced to the equation:

v ov 1, 0%
S g252 —.
ot s 2~ ds?

This equation is the Black-Scholes differential equation. Since B, = e", Vst = Z—Z, and Vi = ys¢ St

+ bt By, theny,, = ™"t (Vt - Z_Zsf)' This means that our two choices for the positions in the

portfolio will give us a self-financing replicating portfolio as long as there is a solution to the
Black-Scholes differential equation such that condition Il is also satisfied. But condition Il
simply states that the value of the portfolio must equal the value of the call at expiration date T;
that is, V1 = c1. We derived in the previous topic of the additional reading for this chapter the
solution to the Black-Scholes differential equation with the boundary condition V = cr. Thus,
we can conclude that we have a self-financing portfolio, and that the solution to the Black-
Scholes differential equation and its boundary value condition gives us an arbitrage-free pricing
for the call.

Deriving Black-Scholes Delta and Gamma

Black-Scholes and Delta

The Black-Scholes model is given by the following:

Co = SoN(dl) - Xe_rTN(dz)

d, = O'\/T )
. =ln(%)+(r—%az)T
2 T
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where N(d*) is the cumulative normal distribution function for (d*).

Option traders find it very useful to know how the values of their option positions will
change as the various factors used in the pricing model change. For example, the sensitivity of
the call's value to the stock’s price is given by Delta:

oc

= N(d,)>0 Delta A

Applying the Chain Rule to Derive Delta

We obtain this delta by first applying the Chain Rule to the Black-Scholes model as
follows:

o _ dN(d,) od; . rr( AN(d,) od,
o5~ M) +5y d(d,) os X (d(dz) asj
ad, _ adz_i
S 8 S, 0\/_
ac 1 dN(d,) 7 dN(d,)
SN s e

Our expression for Delta is obtained once we demonstrate that the two terms inside the
brackets offset each other:?

© *74) C d(d,)

We re-write the right side of this equality as follows:

—(d;—oT)?
worr INE) _ g dN(d, - oVT ?: ot LT

dd,) d(d,) Jor
We continue to re-write as follows:
—(dy-0VT)? ~d;? —~(-2dy0JT +0°T) _oT
xe ™t t o oxem tere 2 —xem O s

Vor Vor d(d,)

Substituting for d; from the Black Scholes model and then canceling offsetting terms, we have

% This trick to eliminate offsetting terms is key to finding many of the option Greeks (sensitivities).
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xefl’T Medlaﬁ . e% — Xe—rT Meln(SO/X)+(r+.50’2)T . e% — X dN(dl) eln(SO/X)
d(dy) d(dy) d(dy)

dN(d,) ins,7x)  dN(d,)
ad) ¢ de)

Now, it should be clear that equation (3) and the formula for delta are true:

So

dN(d,)
a@) ¢

_r AN(d,) oc
S T 2 d — = Ni(d
0 a@) s (d,)
Gamma

We can derive gamma, the derivative of delta with respect to S using the chain rule as
follows:

o%c _ aN(d,) _ dN(d,) a(d,)
as? s d(d,) os

-7
o’c _e? 1

= . =T
88?2z S,oNT
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